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A geometric characterisation of Desarguesian spreads 
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Abstract 

We provide a characterisation of (n — l)-spreads in PG(rn — l,q), r > 2, that have r 
normal elements in general position. In the same way, we obtain a geometric characterisation 
of Desarguesian (n — l)-spreads in PG(rn — l,g), r > 2. 


1 Introduction 

In this paper, we study spreads in finite projective spaces. An (n—l)-spread of H = PG{N—1, q) 
is a set of (re — l)-dimensional subspaces partitioning the points of H. It is well-known since 
Segre [16] that an (re — l)-spread exists in PG(A^ — 1, q) if and only if re divides N. The “only 
if” direction follows from a counting argument, while the other direction follows by Segre’s 
construction of Desarguesian spreads. 

Desarguesian spreads play an important role in finite geometries; for example in field reduction 
and linear (blocking) sets [T^j, eggs and TGQ’s [2]. Moreover, every (re — l)-spread canonically 
defines an incidence structure, which is a translation 2 — (g'’"',q”,l) design with parallelism. 
When the spread is Desarguesian, the corresponding design is isomorphic to the affine space 
AG(r, q^). 

Notwithstanding their importance, few geometric characterisations of Desarguesian are known. 
A geometric characterisation of Desarguesian (re — l)-spreads in PG(rre — 1, q) was obtained by 
Beutelspacher and Ueberberg in jH Gorollary] by considering the intersection of spread elements 
with all r(re — l)-subspaces. However, the two most famous and important characterisations 
of Desarguesian spreads arise from their correspondence with regular (for r = 2 and q > 2) 
and normal spreads (for r > 2). An (re — l)-spread in PG(2re — l,q) is said to be regular if it 
contains every regulus defined by any three of its elements. When g > 2, an (re — l)-spread in 
PG(2re — l,q) is regular if and only if it is Desarguesian. An (re — l)-spread in PG(rre — l,g) 
is said to be normal if it induces a spread in the (2re — I)-space spanned by any two of its 
elements. It is known that an (re — l)-spread in PG(rre — 1, g), r > 2, is normal if and only if it 
is Desarguesian (see my 

We will focus on the normality of Desarguesian spreads, by introducing the notion of a normal 
element of a spread. We say that an element E of an (re — l)-spread 5 of H = PG(rre — l,g) 
is normal if S induces a spread in the (2re — l)-space spanned by E and any other element of 
iS. Clearly, by definition, a spread is normal if and only if all its elements are normal. The 
motivation for this article consists of the following questions; 

How many normal elements does a spread need, to ensure that it is normal/Desarguesian? 
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Can we characterise a spread given the configuration of its normal elements? 


We will give answers to both questions; the answer to the first question is easily stated in the 
following theorem. 

Theorem 14.31 Consider an (n — l)-spread S in PG(rn — l,q), r > 2. If S contains r + 1 
normal elements in general position, then S is a Desarguesian spread. 

This paper is organised as follows. In Section [2l we introduce the necessary preliminaries. In 
Section Owe obtain a characterisation of (n — l)-spreads in PG(rn — l,q) having r normal 
elements in general position. We will see in Section 0 that for some n and q these spreads 
must be Desarguesian. Moreover, we obtain a characterisation of Desarguesian spreads as those 
having at least r + 1 normal elements in general position. In Section [5l we consider spreads 
containing normal elements, not in general postion, but contained in the same (2n — l)-space. 
In Section [6] we consider examples of spreads in PG(rn — l,g) containing less than r normal 
elements, and we characterise the spreads with r— 1 normal elements in general position. Finally 
in Section [7] we formulate our results in terms of the designs corresponding to the spreads. 


2 Preliminaries 

In this paper, all considered objects will be finite. Denote the m-dimensional projective space 
over the finite field Fg with q elements, q = p^, p prime, by PG(m, q). 


2.1 Desarguesian spreads and choosing coordinates 

A Desarguesian spread of PG(rn — l,g) can be obtained by applying field reduction to the 
points of PG(r — l,q^). The underlying vector space of the projective space PG(r — !,(?"') 
is V{r,q'^)] if we consider V{r,q^) as a vector space over Fg, then it has dimension rn, so it 
defines PG(rn — l,q). In this way, every point P of PG(r — 1, g”) corresponds to a subspace of 
PG(rn — 1, q) of dimension (n — 1) and it is not hard to see that this set of (n — l)-spaces forms 
a spread of PG(rn — 1, q), which is called a Desarguesian spread. For more information about 
field reduction and Desarguesian spreads, we refer to m- 

Definition. An element E of an (n — l)-spread <S of PG(rn — 1, q) is a normal element of S if, for 
every T G 5, the (2n — l)-space {E, E) is partitioned by elements of S. Equivalently, this means 
that S/E defines an (n — l)-spread in the quotient space PG((r — l)n— l,q) = PG(rn — l,q)/E. 


A spread is called normal when all its elements are normal elements. An (n — l)-spread of 
PG(rn — l,q), r > 2, is normal if and only if it is Desarguesian (see [3]). 

We will use the following coordinates. The point P of PG(r — l,q"'), defined by the vector 
(oi, 02 ,..., Ur) G (IFg'i)^, is denoted by (oi, 02 ,..., Or-jp^n, reflecting the fact that every Fgn- 
multiple of (oi, 02 , ■ ■ ■, o,.) gives rise to the point P. We can identify the vector space F”'’ with 
(Fgn)^, and hence write every point of PG(rn — 1, (?) as (oi,..., with Oj G Fgn. 

When applying field reduction, a point (oi,..., Or)p^„ in PG(r — 1,^"') corresponds to the 
(n — l)-space 

{{aix,... ,arx)p^ I X G Fg^} 


of PG(rn — 1, q). 
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Moreover, every (n — l)-space in PG(rre — 1,^) can be represented in the following way. Let 
ai,..., Or be Fq-linear maps from to itself. Then the set 

{(ai(x),... ,ar(a;))F, | x € F^n} 

corresponds to an (n — l)-space of PG(rn — 1,^). When choosing a basis for F^^i = F” over 
Fq, the Fq-linear map a,,i = 1,... ,r, is represented by an n x ri-matrix Ai,i = 1,...,r, over 
Fq acting on row vectors of F” from the right. We abuse notation and write the corresponding 
(n — l)-space of PG(rn — 1, q) as 

(^ 1 , ...,Ar):= {{xAi,.. .,xAr)w^ I X € F”}. 

Definition. We call a point set of PG(A: — 1, q), a point set in general position, if every subset 
of k points spans the full space. A frame of PG(/c — l,g) is a set of k + 1 points in general 
position. Equivalently, a set of (n — l)-spaces in PG(A;n — l,q) such that any k span the full 
space, is called a set of (n — l)-spaces in general position. 

Note that for any set /C of /c + 1 (n — l)-spaces Si, i = 0,..., k, of FG{kn — 1, q), A; > 2, in 
general position, there exists a field reduction map T from PG(A: — 1, q^) to PG(A;n — 1, q), such 
that K, is contained in the Desarguesian spread of PG(A;n — l,q) defined by T". This means JC 
is the field reduction of a frame in PG(A: — 1, <?"■). This is equivalent with saying that we can 
choose coordinates for PG(A:n — 1, q) such that 

A = {5o = = (1,0,0,...,0,0), 

52 = (0,1,0,..., 0,0),..., = (0,0,0,..., 0,/)}, 

where I denotes the identity map or the identity matrix. 

2.2 Quasifields and spread sets 

Andre [T] and Bruck and Bose [5] obtained that finite translation planes and (n — l)-spreads 
of PG(2n — l,q) are equivalent objects (this connection and a more general connection with 
translation Sperner spaces will be considered in Section 0). We will now consider their cor¬ 
respondence with finite quasifields and matrix spread sets. For a more general overview than 
given here, we refer to mmm- 

Definition. A finite (right) quasifield (Q, -|-, *) is a structure, where -|- and * are binary oper¬ 
ations on Q, satisfying the following axioms: 

(i) {Q, -|-) is a group, with identity element 0, 

(ii) {Qo = Q \ {0}, *) is a multiplicative loop with identity 1, i.e. Va€Q:l*a = a*l = a 
and Va, b £ Qq : a * x = b and y * a = b have unique solutions x,y G Q, 

(Hi) right distributivity: Va, b,c £ Q : {a + b)*c = a*c + b*c, 

(iv) Va, b,c£Q,afib: x*a = x*b + c has a unique solution x £ Q. 

In this paper, we will omit the term finite. 

Definition. The kernel K[Q) of a quasifield {Q, -t-, *) is the set of aA k £ Q satisfying 

Vx, y £ Q : k * {x * y) = {k * x) * y, and 
Vx ,y £ Q : k*{x + y) = k*x + k*y. 

Note that the kernel K{Q) of a quasifield Q is a field. 
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Definition. A (matrix) spread set is a family M of < 7 ” re x re-matrices over ¥q such that, for 
every two distinct A,B G M, the matrix A — B is non-singular. 

Now, denote the points of PG(2re — 1, q) by {(x, \ x,y £ F”, (x, y) 7 ^ (0,0)}. Given a spread 

set M, consider 

S{M) = I A G M} U {E^} , 

where 

Ea = {I, A) = {(x,xA)f, I X G F"} and E^o = (0,/) = {(0,x)f^ | x G F”}. 

One can check that iS(M) is an (re — l)-spread of PG(2re — 1, q). Moreover, every (re — l)-spread 
of PG(2re — 1, q) is equivalent (under a collineation of the space) to a spread of the form 5(M), 
for some spread set M, such that the zero matrix 0 and identity matrix I are both contained 
in M (see [SJ Section 5]). 

Consider now the vector space V = V{n, q) and take a non-zero vector e of V. For every vector 
y £ V, there exists a unique matrix My £ M such that y = eMy. Define multiplication * in P 
by 

X * y = xMy. 

By [a Section 6 ], using this multiplication and the original addition, V becomes a right quasifield 
Qe(M) = (P,Conversely, given a quasifield Q with multiplication * on P and Fg in its 
kernel, we can define a spread set M(Q) = {My \ y £ P}, where My is defined by Vx G P : 
xMy = x*y. Clearly, Q = Qe(M(Q)). 

Definition. A semifield is a right quasifield also satisfying left distributivity. A (right) nearfield 
Q is a (right) quasifield that satisfies associativity for multiplication, i.e. Va, b,c £ Q : {a*b)*c = 
a* {b* c). 

Note that a quasifield which is both a semifield and a nearfield is a (finite) field. 

Theorem 2.1. [ 6 l Section 11] 

The quasifield Qe(Al) is a nearfield if and only */M is closed under multiplication. 

The quasifield Qe(Al) is a semifield if and only */M is closed under addition. 

We omit the correspondence to translation planes and conclude with the following connections 
(see [71[TT]b 

5 is a nearfield spread S = 5(M) with M closed under multiplication; 

5 is a semifield spread S = 5(M) with M closed under addition; 

5 is a Desarguesian spread S = iS(M) with M closed under multiplication and addition. 

Equivalent to the previous, we say M is a nearfield spread set, respectively semifield spread set 

and Desarguesian spread set. 
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3 Spreads of PG(rn — l,q) containing r normal elements in gen¬ 
eral position 

We denote the points of PG(rn — 1, q) by {(xi,..., Xr)¥q \ Xi G Fg^}. Consider a spread set M, 
containing 0 and I. We define the following (re — l)-spread 

5j.(M) = {(Ai, A 2 ,..., Ar) I Ai € M, every first non-zero matrix A/^ = 1} 

in PG(rre — 1, q). If M is a nearfield spread set, then one can check that 5j.(M) has r normal 
elements Si, i = 1 ,..., r, namely 

5i = (/,0,0,...,0),52 = (0,7,0,..., 0),..., 5, = (0,0,0,..., 0,1). 

This follows since (Si, (Ai,A 2 ,... ,Aj.)} is partitioned by the elements 

{(^ 1 ,..., Ai-i, B, ..., Ar) I B G M} U {S'*}- 

Moreover, in this case, since M is closed under multiplication, we can simplify notation such 
that 

5,(M) = {(7li,7l2,...,A) \AiGM}. 

Theorem 3.1. An {n — l)-spread S in PG{rn — l,q),r > 2, having r normal elements in general 
position is projectively equivalent to 5r(M), for some nearfield spread set M. 

Proof. Suppose r = 3, the points of PG(3re — l,q) correspond to the set {(x,y,z)¥^ | x,y, z G 
Fqn, (x, y, z) (0,0, 0)}. Consider an (re — l)-spread S of PG(3re — 1, q) having normal elements 
Si,S 2 , S 3 in general position. Without loss of generality, we may assume that 5i = (I, 0,0), ^2 = 
(0,7,0) and ^3 = (0,0,7). 

As S'!, 5*2 and S 3 are normal elements, the intersection of S with the ( 2 re — l)-spaces {Si,S 2 ), 
(Si, S 3 ) and ( 52 , 53 ) are (re — l)-spreads. Hence, there exist spread sets Mi, M 2 and M 3 (all 
containing 0 and 7) such that 

<sn(52,53) = {Pa = (0,A,7) I AgMi}u {52 = Poo = (0,7,0)}, 

5n(5i,52) = {Qb = {I,B,0)\B gM2}U{S2 = Qoo = Poo = (0,1,0)}, 

5n(5i,53) = {7?c = (G,0,7) |CGM3}U{5i = 7ioo = (7,0,0)}. 

As S 2 and S 3 are normal elements of S, we can obtain every element of 5, not on {S 2 , S 3 ), as 

(I,B,C-^) = {S2,Rc)n{S3,QB), 

with B G ]VE 2 B-iid C G M 3 . For any B G M 2 and C G M 3 , consider the following projections 
of elements of 5 from 5i onto {S 2 , S 3 ): 

(0,7?, 7) = (5i,(7,7?,7 ))n(52 ,53), 

(0,^,7) = (5i,(7,7,C-i))n(52,53), 

(0,7?C,7) = (5i,(7,7?,C-i))n(52,53). 

As 5i is a normal element, these subspaces are all contained in 5. From the first two, it follows 

that M 2 and M 3 are contained in Mi, hence Mi = M 2 = M 3 . Using the third, we find that 

BC G Ml, i.e. Ml is closed under multiplication. By Theorem 12.II we conclude that the spread 
5 n ( 52 , S 3 ) (and thus also 5 n (5i, S 2 ) and 5 n (5i, S 3 )) is a nearheld spread. 
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The result now follows for r = 3, since we have obtained that 

5 = 53(Mi) = I a, GMi}, 

where Mi is a near field spread set. 

By induction, suppose the result is true for r = t — \ >3. We will now prove it is true for r = t. 
Consider an (n — l)-spread S of PG(tn — 1, q) having t normal elements Si,..., St in general 
position. Without loss of generality, we may assume 

5i = (/,0,0,...,0),52 = (0,I,0,...,0),...,5t = ( 0 , 0 , 0 ,..., 0 , 1 ). 

Consider the ((t—l)n—l)-subspaces Hi = (£' 2 , £ 3 ,..., St) and 112 = {Si, £ 3 ,..., St). Clearly, Hi 
corresponds to the points with coordinates {( 0 , X 2 ,... ,xt)wq \ Xi G F^n} and 112 corresponds to 
the points with coordinates {(xi, 0 , 3 : 3 ,... ,Xr)¥q | xt G F^n}. Since all Sj are normal elements, 
we have that 5j = £ fl 11 * is an (n — l)-spread of 11 * containing t — 1 normal elements in general 
position. By the induction hypothesis, there exist nearfield spread sets Mi and M 2 such that 

£1 = {( 0 ,^ 2 , ^ 3 , ...,At)\Aie Ml} , and 
S 2 = {(^1,0, ^ 3 ,..., At) I Ai G M 2 } . 

The spreads £1 and £2 overlap in the {{t — 2)n— l)-space ninn 2 , hence we find that Mi = M 2 . 

All elements of £, not on (£ 1 , £ 2 ), are of the form (£ 1 , U) C (£ 2 , V), for some U G £ 1 , F G £ 2 . 
To find the coordinates of the elements of £n (£ 1 , £ 2 ), we can consider the projection of £ from 
St onto (£ 1 , £ 2 ,... , St-i). We obtain that 

S = {{Ai,A 2 , ■ ■ ■, At) I Ai G Ml} . 


□ 


4 Characterising Desarguesian spreads 

In this section, we provide two characterisations of Desarguesian spreads, one dependent and 
one independent of n and q. We first need the characterisation of finite nearfields. 

Definition. A pair of positive integers {q, n) is called a Dickson number pair if it satisfies the 
following relations: 

(i) q = for some prime p, 

(ii) each prime divisor of n divides q — 1, 

(iii) if g = 3 mod 4 , then n ^ 0 mod 4. 

By IS] and there is a uniform method for constructing a hnite nearfield of order g"", with 
centre and kernel isomorphic to Fg, whenever (g, n) is a Dickson number pair. Such a nearfield is 
called a Dickson nearfield or a regular nearfield. Moreover, by apart from seven exceptions, 
every finite nearheld, which is not a field, is a Dickson nearfield. These seven nearfield exceptions 
have parameters n = 2 and g G {5, 7,11,23,29,59}; note that there are two non-equivalent non¬ 
regular nearhelds for (g,n) = (11,2). 

If £ contains r normal elements in general position, then £ is a Desarguesian spread. 
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Theorem 4.1. Consider an (n — l)-spread S in PG(rn — l,g), r > 2, such that for every 
divisor k\n, we have that {q^, j) is not a Dickson number pair and does not correspond to the 
parameters of one of the seven nearfield exceptions. If S contains r normal elements in general 
position, then S is a Desarguesian spread. 

Proof. By Theorem 13.II the spread S is projectively equivalent to for a nearfield spread 

set M. By assumption, for every divisor k\n, a nearfield of order having kernel F^fc, is a 

field, hence M is a Desarguesian spread set. It follows that <S is a Desarguesian spread. □ 

Lemma 4.2. [151 Lemma 13] Let Dq be a Desarguesian {n — l)-spread in a {{t — l)n — 1)- 
dimensional subspace 11 of PG(tn — l,q), let T be an element of Dq ^nd let Ei and E 2 be 
mutually disjoint (n — l)-spaces such that {Ei,E 2 ) meets 11 exactly in the space T. Then there 
exists a unique Desarguesian (n — l)-spread ofPG{tn — l,g) containing Ei, E 2 and all elements 
of Vo. 

Theorem 4.3. Consider an (n — l)-spread S in PG(rn — l,q), r > 2. If S contains r + 1 
normal elements in general position, then S is a Desarguesian spread. 

Proof. Suppose r = 3, the points of PG(3n — l,g') correspond to the set {{x,y,z)¥^ \ x,y,z € 
Fqn, (x, y, z) 7 ^ (0,0,0)}. Suppose 5 contains normal elements ^i, S 2 , S 3 , in general position. 
Without loss of generality, we may assume that Sq = {I, I, I), Si = (1,0,0), S 2 = (0,1,0) and 
^3 = ( 0 , 0 , 1 ). 

As Si, S 2 , S 3 are normal elements, by following the proof of Theorem 13.11 we see that 

S = S 3 (M) = {(Ai,A 2 ,A 3 ) I A, gM}, 
for a nearfield spread set M (containing 0 and I). 

Given A G M \ {0,/}, consider the spread element Ra = (0, A, I) G S PI (^ 2 , 53 ), and look at 
the element 

{So,RA)n{Si,S 2 ) = (/,/-A,0). 

As Sq is a normal element for S, this {n — l)-space is contained in <S D (Si, S 2 ). It follows that 
the matrix I — A ^ M. 

As M is closed under multiplication, for all A,B£ M, we have B — BA G M. Given matrices 
B,C (z M, there exists a unique A G M for which BA = C. Hence, for all B,C € M, we find 
that B — C = B — BA is contained in M. It follows that M is also closed under addition, hence 
M is a Desarguesian spread set. We conclude that S is a Desarguesian spread. 

By induction, suppose the result is true for r = t — 1. We will now prove it is true for r = t. 
Consider an (n — l)-spread <S of PG(tn — l,q) having t + 1 normal elements Sq, ..., St in general 
position. Consider the {{t — l)n — l)-subspace H = (S'i,S' 2 ,... ,St-i). As all Sj are normal, 
<S n n is an (n — l)-spread containing t — 1 normal elements. 

Consider the {n — l)-space T = {Sq, St) n H, clearly T G 5 n H. Take an element i? G <S n H 
different from T and consider the (3n— l)-space vr = {Sq, St, R). Note that the intersection HflTr 
contains the elements T and R. Since So,St are normal elements, 5 D vr is an (n — l)-spread. 
Both 5 n n and <S n vr are (n — l)-spreads, hence <S n (H n vr) = S Ci {T, R) is an (n — l)-spread. 
It follows that T is a normal element for the spread <S H H. 

Since the elements Sj he in general position with respect to the full space PG(tn — l,q), the 
elements Si, S 2 ,..., St-i,T lie in general position with respect to H. Hence, the spread <S n H 
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contains t normal elements in general position, and thus, by the induction hypothesis, <S H 11 is 
a Desarguesian spread. 

By Lemma there exists a unique Desarguesian spread V of FG{tn — 1, q) containing Sq, St 
and all elements of .Snll. Every element of V, not on {Sq, St), can be obtained as {Sq, U)r\{St, V), 
for some U,V G 5 n II. Since Sq and St are normal elements of S, all elements of D \ {Sq, St) 
are elements of <S. Looking from the perspective from Si, it is easy to see that the elements of 
V n {So, St) are also elements of S. 

It follows that <S = D is a Desarguesian spread. □ 

5 Spreads of PG(3n — l,q) containing 3 normal elements in a 
(2n — l)-space 

In this section, we will characterise (n — l)-spreads of PG(3n — l,q) containing 3 elements 
contained in the same (2n — l)-space. First, we need to introduce some definitions and nota¬ 
tions concerning the (restricted) closure of a point set and the field reduction of sublines and 
subplanes. 

5.1 The (restricted) closure of a point set 

Definition. An Fq^-subline in PG(1, g”), for a given subfield < Fg, is a set of go + 1 points 
in PG(l,g"') that is projectively equivalent to the set {{x,y)^^„ \ {x,y) G \ (OjO)}- 

As PGL(2,g"') acts 3-transitively on the points of the projective line, we see that any 3 points 
define a unique Fg^-subline. 

Gonsider the field reduction map from PG(l,g"') to PG(2n — I,g). When we apply J- to 
an Fg^-subline of PG(l,g”), for a subfield Fg^ < Fg, we obtain a set TZq^ consisting of gg -|- 1 
(n — I)-spaces, such that if a line meeting 3 elements A,B,C of 7?.g^, in the points Pa,Pb,Pc 
respectively, then the unique Fg^-subline containing Pa, Pb, Pc meets all elements of When 
Fg^ = Fg, such a set Pq is called a regulus. It is well known that 3 mutually disjoint (n — 1)- 
spaces A,B,C in PG(2n — l,g) lie on a unique regulus, which we will notate by Pq{A, B,C). 
It now easily follows that 3 mutually disjoint (n — l)-spaces A, B and C in PG(2n — 1, g) lie on 
a unique Pq^, which we will notate by Pq^{A, B, C). Note that Pq^{A, B, C) C Pq{A, B, C). 

Definition. An ¥q^-suhplane in PG(2, g”), for a given subfield Fg^ < Fg, is a set of gg -|- go -|- 1 
points and gg + go + 1 lines in PG(2,g”') forming a projective plane, where the point set is 
projectively equivalent to the set {(xo, xi, | {xo,xi,X 2 ) G (Fg^^)^ \ (0,0,0)}. 

As PGL(3, g”) acts sharply transitively on the frames of PG(2,g”), we see that 4 points in 
general position define a unique Fg^-subplane of PG(2, g"'). 

Gonsider the field reduction map P from PG(2,g"') to PG(3n — l,g). If we apply T to the 
point set of an Fg^-subplane, we find a set Vgp of gg -|- go + 1 elements of a Desarguesian spread 
V. When Fg^ = Fg, the set Vg consists of one system of a Segre variety Sn_i ^2 (for more 
information see e.g. na). By m Proposition 2.1, Corollary 2.3, Proposition 2.4], we know 
that four (n — l)-spaces A, B, C, D in PG(3n — 1, g) in general position are contained in a unique 
Segre variety Vg, which we will notate by Vq{A,B,C,D). As a corollary, we obtain that for 
any subfield Fg^ < Fg, four (re — l)-spaces A,B,C,D in PG(3re — l,g) in general position are 
contained in a unique Vg^, which we will notate by Vqq{A,B,C,D). Note that for any three 


(n — l)-spaces Ei,E 2 , E^ in Vq^ {A, B, C, D), contained in the same (2re — l)-space, we have that 
'T^qo{El,E2,E‘i) CVqq{A,B,C,D). 

Definition. If a point set S contains a frame of PG(2,g), then its closure S consists of the 
points of the smallest 2-dimensional subgeometry of PG(2,g) containing all points of S. 

The closure 5 of a point set S can be constructed recursively as follows: 

(i) determine the set A of all lines of PG( 2 ,g) spanned by two points of 5; 

(ii) determine the set S of points that occur as the exact intersection of two lines in A^ if 
S A S replace S' by 5 and go to (i), otherwise stop. 

This recursive construction coincides with the definition of the closure of a set of points in a 
plane containing a quadrangle, given in ini Chapter XI]. 

Consider a set S of points of PG(2,g) containing a specific subset We define the 

restricted closure S with respect to the points {Pi} to be the point set constructed recursively 
as follows: 

(i) determine the set A of all lines of PG( 2 , q) of the form {Pi, Q), i = 1,... ,m, Q & S] 

(ii) determine the set S of points that occur as the exact intersection of two lines in A, if 
S A S replace S' by S' and go to (i), otherwise stop. 

Clearly the restricted closure S of S, with respect to all its points, is exactly its closure S. 

Lemma 5.1. Consider the point set S o/PG( 2 ,q) containing a frame {Pi, P 2 ,Qi,Q 2 } o,nd the 
point P 3 = PiP 2 CQiQ 2 - The points of the restricted closure S of S with respect to {Pi,P 2 ,Pz}, 
not on the line P 1 P 2 , are the points of the affine Fp-subplane S\PiP 2 . 

Proof. Clearly, the set S can contain no other points than the points of the Fp-subplane S. 

Without loss of generality, we may choose coordinates such that Pi = (1,0, 0 )f„ , P 2 = (0,0, 1)f„ , 
Qi = ( 0 , 1 , 0)f, , Q 2 = (1,1, 1)f, and hence P 3 = (1, 0 , 1)f, . 

The point Ui = ( 0 , 1 , l)Fq = P 1 Q 2 H P 2 Q 1 is contained in S. Hence, the point T 2 = ( 1 , 1 , 2)f, = 
P 3 UiriP 2 Q 2 is contained in S. Using T 2 G S, we see that the point U 2 = (0,1, 2)^^ = Pir 2 nP 2 Qi 
is also contained in S. 

Continuing this process, we get that all points Ua = (0,1, a)F, G P 2 Q 1 and Ta = (l,l,a)Fg G 
P 2 Q 1 , with a G Fp, are contained in S. All other points of the unique Fp-subplane S through 
Pi, P 2 , Qi, Q 2 and not on P 1 P 2 , can be written as the intersection point (Pi, Tq) n (P 2 , Ub), for 
some a and 6 in Fp. Hence, they are all contained in S. □ 

We can translate the previous lemma to the higher dimensional case in the following way. 

Lemma 5.2. Consider an [n — l)-spread S in PG(3n — l,q), q = p^, having 3 normal elements 
81 , 32,83 contained in the same (2n — l)-space Hq. If two spread elements Ri,R 2 G S satisfy 
{Ri, R 2 ) r\ { 81 , 82 ) = 83 , then all {n — l)-spaces ofVp{ 8 i, 32 ,Ri,R 2 )\{ 8 i, 32 ) are contained in 

S. 
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Proof. There exists a field reduction map T from PG( 2 , g”) to PG( 3 n — 1 , 5), such that Si, S2, 
S3, Ri, R2 are contained in the Desarguesian spread V of PG( 3 n — l,q) defined by T. This 
means, there exist points Pi, P2, P3, Qi, Q2 such that their field reduction is equal to Si, S2, 
S3, Ri, R2 respectively. 

Since Si,S2,S3 are normal elements for 5 , the field reduction of the points of the restricted 
closure of {Pi, P2, P3, Qi, Q 2 } with respect to (Pi, P2, P3} must all be contained in S. By Lemma 
15.11 the restricted closure contains all points of the Fp-subplane defined by (Pi, P2, Qi, Q 2 }, not 
on (Pi, P2). Hence, its field reduction, i.e. the (n — l)-spaces of Vp(S'i, S'2, Pi, P2) \ {Si, S 2 ) are 
all contained in <S. □ 


5.2 Characterising spreads with 3 normal elements in the same (2n —l)-space 

There exists a different but equivalent definition of a semifield spread than the one given in 
Subsection 12.21 Namely, an (n — l)-spread S of PG(2n — l,q) is a semifield spread if and 
only if it contains a special element E such that the stabiliser of S fixes E pointwise and acts 
transitively on the elements of 5 \ {E} (see [111 Gorollary 5.60]). The element E is called the 
shears element of S. 

Consider a matrix spread set M containing 0 and closed under addition, and consider the 
corresponding semifield spread 5(M) = {{I, A) \ A £ M} U {E = (0,/)} of PG(2n — l,q). In 
this case, the element E = (0,/) is the shears element of 5(M). 

Definition. The subsets of a semifield Q given as 

Nr(Q) = {x £ Q \ Va, b £ Q : {a*b) * X = a* {b* x)} 

Nm(Q) = {x £ Q \ Va, c £ Q : {a * x) * c = a * {x * c)}, 

Z{Q) = {x £ Nr(Q) n Nm(Q) \ Va £ Q : X * a = a * x} 

are all fields and are called, respectively, the right nucleus, middle nucleus and centre of the 
semifield. 


The parameters of the semifield Qe(]V[) can be translated to subsets of the associated spread set 
M, that is A/;(M) = {M^ € M | x € Nr{Qe{M))}, Mm{M) = {M^ £M\x£ Nm{Qe{M))} and 
Z(M) = {Mx € M I X G Z(Qe(M))}. As in [HI Theorem 2.1], but considering our conventions, 
we obtain that 


N^(Qe(M)) = {x G Qe(M) I Va, 6 G Qe(M) : {a * b) * x = a * {b * x)} 

= {x £ Qe(M) I Va, 6 G Qe(M) : aM^M^ = aMt,*^,} 

= {x G Qe(M) I £ Qe(M) : MftM, = 

= {x G Qe(M) I V6 G Qe(M) : G M} 

= {x G Qe(M) I VM G M : MM^ £ M}. 

Hence, it follows that 

= (A G M I MX = M or A = 0}. 

Similarly, we obtain 


A'^(M) = {A G M I AM = M or A = 0}, and 
Z{M) ={X £ Mr{M) n A/'m(M) I VT G M : TA = AT}. 
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Suppose M contains the identity /, then M is a subspace over a subfield < Fg if and only 
if {A/I A€FqJCZ(M). 

Recall that a spread S in PG(2n — l,q) is regular if and only if for any 3 elements Ei,E 2 ,E^ £ 5, 
the elements of TZq{Ei, E 2 ,E^) are all contained in S. It is well known that every (n — l)-spread 
of PG(2n — l,q), q > 2, is regular if and only if it is Desarguesian (see [ 6 ]). When q = 2, every 
(n — l)-spread of PG(2re — 1,2) is regular. More generally, for every three elements Ei,E 2 ,E^ 
of an (n — l)-spread S of PG(2n — 1,2^), all elements of 7 Z 2 {Ei, E 2 , E^) = {Ei, E 2 , E^} are 
contained in S. 

Loosening the concept of regularity of Desarguesian spreads, we obtain the following result for 
semifield spreads. For F^^ = F^, this result was already obtained in [TU Teorema 5]. 

Theorem 5.3. Suppose S is an (n — l)-spread o/PG(2n — l,q). Consider a subfield Fg^ < Fg, 
qo > 2 and an element E ^ S. The spread S is a semifield spread with Fg^ contained in its eenter 
and having E as its shears element if and only if for all Ei,E 2 £ S, we have TZq^{E, Ei,E 2 ) C S. 

Proof. We may assume without loss of generality that S = 5(M) = {{I, A) \ A £ M} U 
{E = (0,/)} for some spread set M containing 0 and I. Let Ei = {I,Ai). Then the set 
Tlgq{E, El, E 2 ) consists of the spaces (I, (1 — A)^i + XA 2 ) for A £ Fgg, together with E. Hence 
(1 — A)Hi + XA 2 £ M, for all Ai,A 2 £ M and all A £ Fg^. 

Since 0 £ M, for all H 2 £ M we get that XA 2 £ M for all A £ Fg^. Therefore, for all Ai,A 2 £ M, 
nAi + XA 2 £ M for all A, /r £ Fgp, and so M is an Fg^-subspace, implying that M is a semifield 
spread set with centre containing Fg^. It follows that 5 is a semifield spread with shears element 
E. □ 

Corollary 5.4. [TU Teorema 5] Suppose S is an (n — l)-spread o/PG(2n — l,q), q > 2, and 
consider an element E € S. For all Ei,E 2 £ S, we have TZq{E,Ei,E 2 ) C S, if and only if S is 
a semifield spread with Fg contained in the center and having E as its shears element. 

Now, consider three disjoint (n — l)-spaces Si = (1,0,0), S 2 = {1,1, 0), 5*3 = (0, 1, 0) of PG(3n — 
l,q) contained in the same (2n — l)-space Hq = {(x,y,0)Fq | £ Fg^}. Consider two spread 

sets M and Mq, both containing 0 and I, and dehne the following (n — l)-spread 

r 3 (M, Mo) = {(^, B,I)\ A,B eM}U {(/, C, 0) I C £ Mq} U {(0, 1, 0)} 

in PG(3n — 1, 5 ). If M is a semifield spread set, then one can check that 73 (M, Mq) has at least 
3 normal elements, namely 81,82 and S 3 . 

Theorem 5.5. Consider an (n — l)-spread S in PG(3n — l,q), q odd. If S contains 3 normal 
elements contained in the same ( 2 n — l)-space Hq, then S is equivalent to 73 (M,Mo), for some 
spread set Mq and a semifield spread set M. 

Furthermore, the set of normal elements of S contained in 5 n Hq is equivalent to {(/, C, 0) | 
C £ Mo nW,.(M)}U {(0,1,0)}. 

Proof. Consider an (n — l)-spread S containing normal elements S'i,S' 2 ,S '3 contained in the 
same (2n — l)-space Hq. Since S 3 is a normal element with respect to S, we can consider an 
( 2 n — l)-space H, meeting Hq in the space S 3 , such that 5nn is an (n — l)-spread. Without loss 
of generality, we may assume that Si = (/, 0, 0 ),S 2 = {1,1,0), S 3 = (0,1,0), Hq = {{x,y,0)w^ | 
x,y £ Fgn} and H = {( 0 ,y, 2 ;)F, \y,z € Fgn}. 
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Since 5 n 11 is an (n — l)-spread, there exists a spread set M such that 

SnU = {(0, A,/) I A G M} U {(0, /, 0)}. 

Consider two elements Ri,R 2 of 5 n 11 different from S 3 . By Lemma 15.21 all elements of 
Vp(5i, S 2 , Ri, R 2 ) \ Bo are contained in S. It follows that the p + 1 elements of TZp{S 3 , Ri, R 2 ) 
are all contained in 5 n 11. By Corollary 15.31 we see that 5 H 11 is a semifield spread (with Fp 
contained in its center and S 3 its shears element) hence M is a semiheld spread set. 

The elements and S 2 are normal elements, hence every element of 5 \ {Si, S 2 ) is of the form 

{B - D, B, I) = {Si, (0, B, I)) n (S2, (0, D, I)), 

for some B,D G M. Since M is closed under addition, every element of 5 \ (S'i,S'2) is of the 
form {A,B,I), with A,Bg M. We conclude that 

5 = {{A, B,I)\ A,B gM}U {(/, C,0)\Cg Mq} U {(0, /, 0)}, 

for some spread set Mq (containing 0 and I) and a semiheld spread set M. 

Now suppose (I, (7,0) G Ho, C G Mq, is a normal element for 73(M, Mq). Given elements 
A, B,D,E G M, the spread element {D, E, I) is contained in {{I, C, 0), {A, B, I)) if and only if 
{D — A)C = E — B.Hence ((/, (7,0), {A,B,I)) is partitioned by elements of 73(M,Mo) if and 
only if {D — A)C + B G M for all A,B,D G M. As M is closed under addition, this occurs if 
and only if M(7 C M, i.e. (7 G Mq n A/; (M). □ 

Corollary 5.6. Consider an {n — l)-spread S in PG(3n — l,q), q odd. If S contains 4 normal 
elements not all eontained in the same (2n — l)-space, then S is Desarguesian. 

Proof. It is clear that if a spread contains three normal elements, either these elements are 
contained in the same (2re — l)-space or they span a (3n — l)-space. 

If the 4 normal elements lie in general position, the result follows from Theorem 14.21 

If the 4 normal elements do not lie in general position, we have that 3 of the elements do lie in 
general position, but the fourth is contained in a (2n — l)-space spanned by two of the other 
normal elements. Without loss of generality, we may assume that the 4 normal elements have 
coordinates (/, 0,0), (0,1, 0), (0,0,/) and (1,1,0). From Theorem 13.11 we know there exists a 
nearheld spread set M such that 

5 = >S3(M) = {{Ai,A 2,A3) \AiGM}. 

However, from Theorem 15.51 it follows that there exists some spread set Mq and some semiheld 
spread set M' such that 

5 = r3(M', Mo) = {(A, B,I)\A,Bg M'} U {(/, C, 0) | C G Mq} U {(0, 1, 0)}. 

We can conclude that M = Mq = M' is both a nearheld spread set as a semiheld spread set, 
hence is a Desarguesian spread set. It now follows that 5 is a Desarguesian spread. □ 

Theorem 5.7. Consider an (n — l)-spread S in PG(rn — l,q), q odd. If S contains at least 
r + 1 normal elements, such that r of the elements span the full spaee, then S is Desarguesian. 


12 


Proof. The spread <S contains r + 1 normal elements Si,i = 1,... ,r + 1. By assumption, r of 
the elements span the full space, that is, lie in general position. Without loss of generality we 
can choose coordinates such that 

5i = (/,0,0,...,0),52 = (0,/,0,...,0),...,5, = (0,0,0,...,0,/). 

From Theorem 13.II it follows that there exists a nearfield spread set M, containing 0 and I, such 
that 

5 = 5,(M) = {(^1,...,^) \Ai€M}. 

Consider the smallest number t G N such that Sr+i is contained in a {tn — l)-subspace spanned 
by t other normal elements. We may assume that 

Sr+lGU={Si,S 2 ,...,St). 

Suppose t = 2 , that is, 5r+i G {Si, 82 ). Clearly, the (3n — l)-space (5i,52,S'3) contains 4 
normal elements, not all in the same (2n — l)-space. Hence, from Corollary 15.61 it follows that 
<S n {Si, S 2 , S 3 ) is Desarguesian. However, since S = <Sr(M) is completely dehned by the spread 
set M, this spread set is a Desarguesian spread set. 

Suppose t > 2 , that is, the elements Si, S 2 , ■ ■ ■, St, S'r+i he in general position with respect to 
the space H. Prom Theorem 14.21 it follows that the spread iS n H is Desarguesian. Hence, since 
<S = 5r.(M) is completely dehned by the spread set M, this spread set is a Desarguesian spread 
set. 

We conclude that S is Desarguesian. □ 

6 Spreads of PG(rn—1, q) containing less than r normal elements 

In this section we consider what sort of spreads arise in PG(rn — l,g) with less than r normal 
elements. 

We denote the points of PG(rn — 1, q) by {(xi,..., Xr)Fq \ Xi € F^n}. Consider r — 1 spread sets 
Ml,... containing 0, and a nearheld spread set M, containing 0 and I. We dehne the 

following (n — l)-spread: 

Ml,..., Mr_i) = {(0, Ai,A 2 , ..., Ar-i) I Ai G M} U {(/, Hi, H 2 ,..., B^-i) \ Bi G Mj} 

in PG(rn — 1, q). One can check that Mi,..., M,._i) contains r — 1 normal elements 

Si,i = 1,... ,r — 1, namely 

5i = (0,/,0,0,...,0),52 = (0,0,/,0,...,0),...,5,_i = (0,0,0,..., 0,1). 

Theorem 6.1. Consider an (n — l)-spread S in PG(rn — l,q),r>2. If S has r — 1 normal ele¬ 
ments that span a {{r — l)n — l)-space, then S is projectively equivalent to UriJ^A, Mi,..., M^-i), 
for some spread sets Mi,... ,Mr_i, containing 0, and a nearfield spread set M, containing 0 
and I. 

Proof. Consider an (n — l)-spread S of PG(rn — 1, q) having r — 1 normal elements Si,..., Sr-i 
that span a ((r — l)n — l)-space. Without loss of generality, we may assume 

5i = (0,/,0,0,...,0),52 = (0,0,/,0,...,0),...,5,_i = (0,0,0,..., 0,/). 
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Consider the ((r — l)n — l)-subspace Ho = {Si, S 2 , ■ ■ •, •S'r-i). Clearly, Ho corresponds to set of 
points with coordinates {(0, X 2 , ■ ■ ■ ,Xr)wq \ Xi G F^n}. Since Ho contains r — 1 normal elements 
in general position, from (the proof of) Theorem 13.11 it follows that there exists a nearfield 
spread set M, containing 0 and /, such that 

5o = <S n rio = {(0, ^ 1 , ^ 2 , • • •! ^r-i) I Ai G M} . 

All elements of 5 \ 5o are disjoint from Ho, thus we may assume that P = (1,0,... ,0) is 
contained in S. As all elements Si are normal, each (2n — l)-space (P, Si) intersects S in an 
(n — l)-spread. Hence, there exist spread sets Mj,f = 1,... ,r — 1, containing the zero matrix 
0, such that 


(P,5i)n5 = {(/,Pi,0,...,0) I Pi G Mi}U{(0,/,0,... ,0)}, 
(p,P2)n5= {(/,o,P2,o,...,o) I P2 G M 2 }u{(o,o,/,o...,o)}, 


{p,Sr-i)r\S 


{(/, 0, . . . , 0, Pr-l) I Pr-1 G Mr-l} U {(0, . . . , 0, /)} 


Consider the (3n — l)-space vr = (P, Si, S 2 ). Since Si and S 2 are normal elements, we have that 
TT intersects S in an (n — l)-spread. Any element P G S n (vr \ (Si, S 2 )) can be obtained as 

R = (/, Pi, P 2 ,o,... ,0) = (S 2 , (/, Pi,o,... ,0)) n (Si, (/, 0 , P 2 ,o,... , 0 )), 

for some Pi G Mi,P 2 G M 2 . 

Similarly, any element in S n ((P, Si, S 3 ) \ (Si, S 3 )) can be obtained as 

(/,Pi, 0 ,P 3 , 0 ,..., 0 ) = (S 3 ,(/,Pi, 0 ,..., 0 ))n(Si,(/, 0 , 0 ,P 3 , 0 ,..., 0 )), 
for some Pi G Mi,P 3 G M 3 . 

Consider the (4n — l)-space vr' = (P, Si, S 2 , S 3 ). Since Si, S 2 , S 3 are normal elements, we have 
that tt' intersects S in an (n —l)-spread. Any element P' G Sfl ( 7 r'\ (Si, S 2 , S 3 )) can be obtained 
as 


R' — (/, Pi , P2 , P3 ,0,..., 0) 


('S’s; (-^!.Bi,P2,o,... , 0 )) n (S2,(I, Pi,o,P3,o,... ,0)), 


for some Pi G Mi, P2 G M2, P3 G M3. 


Continning this process, we obtain coordinates for all elements of S \ Sq, that is, all elements 
are of the form 


(/, Pi,... ,Pr-l), 


for some Bi G Mj, f = 1 ,..., r — 1 . The statement now follows. 


□ 


Following the proof of Theorem 16.11 we obtain the following corollary. 

Corollary 6.2. Consider an (n — l)-spread S in PG(rn — l,q),r >2. If S has k < r — 1 
normal elements that span a (kn — l)-space vr, then there exist {{k + l)n — l)-spaces Ilj,j = 
1, 2,..., m = -— such that 


Vj / j ': n,- n n;. = vr, 

(Hi,..., Hm) = PG(rn - 1, q) 
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• TT n 5 = <Sfc(M), 

. n^- n5 ^ Uk+i{M., Mij,..., Mkj), 

for some spread sets Mi^i,..., M^^i,..., • • •, ^k,m CLnd nearfield spread set M. 

Remark. It is clear from the above that it is easy to find spreads in PG(rn — l,g) with fewer 
than r normal elements; we simply choose spread sets M* which are not nearfield spread sets, 
and dehne a spread {{I, B 2 , ■ ■ ■, Br) \ Bi G Mj} U S', where S' is some spread of the subspace 
{{0,X2, ■ ■ ■ ,Xr)wq I Xi G Fqn}. The relative abundance of spread sets compared to nearfield 
spread sets ensures that in general, the majority of spreads will have few normal elements. 
However, also note that not every spread is of this form, as it is not necessarily true that a 
spread of PG(rn — l,q) defines a spread in one (or more) of the ((r — l)n — l)-dimensional 
subspaces of PG(rn — 1, q). 

7 Spreads and translation Sperner spaces 

In this section we outline the connection between spreads and incidence structures known as 
Sperner spaces. We follow the terminology of m- In order to translate the results of this paper 
into results on Sperner spaces, we will need to introduce the concepts of normality and general 
position in this context. 

7.1 Preliminary definitions 

Definition. A 2 — (u, k, 1) design is a point-line incidence structure (P, C) such that the set 
V of points satisfies \V\ = v, the set C of lines consists of fc-subsets of V and any two points 
are contained in precisely one line. A 2 — (v, k, 1) design is said to have a parallelism if there 
is a partition of C into sets, such that each set defines a partition of P. A 2 — {v, k, 1) design 
with parallelism is known as a Sperner space with parameters (u, k). These are sometimes also 
referred to as weak affine spaees. A 2 — (fc^, k, 1) design is simply an affine plane. 

By the Barlotti-Gofman construction [3] every (re — l)-spread S in PG(rre — l,q) defines a 
Sperner space T{S) with parameters ( 9 ^”,<?"■)■ For this construction, we embed PG(rre — l,g) 
as a hyperplane Hoo in PG(rre, g). We define the design T{S) = ifP,C) whose: 

• points V are the affine points, i.e. the points of PG{rn,q)\Hoo] 

• lines L are the re-spaces intersecting i7oo precisely in an element of S\ 

• parallel classes are the sets of re-spaces through a given element of S. 

This construction gives a special type of Sperner space, called a translation Sperner space. Any 
translation Sperner space is of this form; see [TJ Ghapter 2] for more on this correspondence. 
When r = 2, this is exactly the Andre/Bruck-Bose correspondence between (re — l)-spreads of 
PG(2re — l,g) and affine translation planes. 

Note that when S is Desarguesian, the design T(<S) is isomorphic to AG(r, g"'). 


15 


Definition. Consider a Sperner space (V,C). For a subset V of V, the linear manifold M.{V') 
of V', is defined as the induced incidence structure on the smallest subset M oiV containing 
V such that for any A,B ^ Ai, the point set Ai contains all points of the line {A, B). For V' a 
set of three non-collinear points, the linear manifold defined by V' is called a pseudo-plane [3]. 
For a subset C d C oi lines, we define Ai{C') to be the linear manifold defined by the union of 
all points of the lines of C. 

Note that it is easy to verify that a Sperner space is an affine space if and only if each of its 
pseudo-planes is an affine plane. We wish to translate our results in this context; for this we 
introduce the following definition. 

Definition. A line ivaa, Sperner space T will be called normal if every pseudo-plane containing 
i is an affine plane. 

Note that a line is normal if and only if every line in its parallel class is normal, and so we could 
equally define the normality of a parallel class. A normal line thus implies that T contains 
many affine planes. 

We now consider the exact correspondence between a normal element of a spread and a normal 
line of the corresponding translation Sperner space. 

Theorem 7.1. A line in the translation Sperner space T{S) defined by a spread S is normal 
if and only if it corresponds to an n-space intersecting the hyperplane in a normal element 
ofS. 

Proof. Consider a spread S in PG(rn — l,g) and its corresponding translation Sperner space 
T{S) = {fP,C) with parameters (g”, 

First, consider a normal element S of S. Let £ be a line of C corresponding to an n-space 
containing S. Take any affine point Q £ V not incident with i. The line i and the point Q 
define a unique pseudo-plane. 

Consider a point R of i and consider the affine line QR. The point Poo = QRdHoo is contained 
in a unique spread element T £ S different from S. As S' is a normal element, the (2n — l)-space 
vr = (S, T) intersects S in an (re — 1)- spread So = S n tt. Clearly, the line i and the point Q 
are contained in the affine translation plane T{Sq) defined in the 2re-space (vr, Q). Hence, the 
unique pseudo-plane defined by i and Q is exactly T(So). As this is true for any point Q not 
incident with i, it follows that £ is a normal line. 

Consider now a spread element S £ S that is not normal. Let £ be a line of C corresponding to 
an re-space containing S. As S is not normal, there exist spread elements T,U of S such that 
(S, r) n P ^ {0, U}. Consider the unique 2re-space H containing both the spread element T and 
the re-space corresponding to £. Hence, H n Poo = {S,T). 

There exist affine points R £ i and Q £ H such that Poo = QR D Poo is contained in T. 
Consider the unique pseudo-plane a defined by I and Q. All affine points of the re-space {Q,T) 
are contained in a (as this re-space corresponds to the unique line of L defined by Q and P). 
Clearly, all affine points of the re-space corresponding to I are also contained in a. It is now 
easy to see that all cfi'^ affine points of H are contained in a. 

As the spread element U intersects {S, T) non-empty, there exist affine points R' £ i and Q' £l[ 
such that the point P'^ = R'Q' D Poo is contained in U. Hence, all affine points of the re-space 
{Q',U) are contained in a. As P is not completely contained in {S,T), some of these affine 
points are not contained in H. 
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The pseudo-plane a contains more than points, hence is not an affine plane. We conclude 
that ^ is not a normal line. □ 

A set N of normal lines through a common point P is said to be in general position if for every 
line i ^ N and every subset N' of N\{1} of size at most r — 1, it holds that i n Ai{N') = {P}, 
i.e. i meets the linear manifold dehned by r — 1 of the other lines only in P. 

Note that for a set of normal lines through a common point in a translation Sperner space, the 
linear manifold they define is in fact a translation Sperner subspace. 

7.2 Results in terms of translation Sperner Spaces 

In this section we summarise our results, translated into the language of Sperner Spaces. Given 
Theorem l7.ll the results follow immediately from Theorem 14.31 Theorem 15.51 Corollary 15.61 and 
Theorem EZl 

Corollary 7.2. Consider a translation Sperner spaee T with parameters g”), r > 2. 

If T contains r +1 normal lines through a common point in general position, then T is isomor- 
phie to the affine space AG(r, g”). 

Suppose r = 3 and q odd. If S eontains 3 normal lines through a common point, contained in 
an affine plane of T, then any plane containing exactly one of these lines is in fact an affine 
semifield plane. If T eontains four normal lines through a common point, not all contained in 
a common affine plane, then T is isomorphic to the affine spaee AG(3,g'”). 

Suppose q odd. If T contains at least r -|- 1 normal elements through a common point, such 
that the linear manifold defined by some r of them is equal to P, then T is is isomorphie to the 
affine spaee AG(r, g"'). 
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